RAPID COMMUNICATIONS

Diffusion-controlled annihilation A+B—0 with initially separated reactants:
The death of anA particle island in the B particle sea
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We consider the diffusion-controlled annihilation dynamics B— 0 with equal species diffusivities in the
system where an island of particl&ss surrounded by the uniform sea of particksWe show that once the
initial number of particles in the island is large enough, then at any system’s dimensiahigi@ydeath of the
majority of particles occurs in theniversal scaling regimevithin which ~4/5 of the particles die at the island
expansion stage and the remainisd/5 at the stage of its subsequent contraction. In the quasistatic approxi-
mation, the scaling of the reaction zone has been obtained for the cases of mea=fid|J and fluctuation
(d<d;) dynamics of the front.
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The reaction front formed in theA+B—0 reaction- reaction zone on the diffusion length scalgot'/?

diffusion systems with initially separated reactants is of greatotically unlimitedly contracts:

interest since it represents a pattern for a wide spectrum of

processes in physics, chemistry, and biol¢dy. Since the w/Ap—0 as t—co.

seminal paper of Galfi and Ra¢2] much work has been

devoted to studying this problem by different approaches!he quasistatic approximatid@SA) consists in the assump-
[3—20]. A standard way to treat the problem analytically is to tion that for sufficiently long times the kinetics of the front is

asymp-

solve the system of equations governed by two characteristic time scales. One time scale
t;=— (d In J/dt)~* controls the rate of change in the diffusive
dalgt=D,V?a—R, dblot=DgV?h—R (1)  currentJ=J,=Jg of particles arriving at the reaction zone.
The second time scalgw?/D is the equilibration time of
with the initial state given by the reaction front. Assuming; /t;<<1 from the QSA in the

mean-field case witld , g=D, it follows [8,9]
a(x,0)=agf(—x), b(x,00=bg0(x), (2 '
Ri~J/iw, w~(D?/Jk)*3, (4)
wherea(x,t) andb(x,t) are the mean local concentrations of
A’'s and B's, R(x,t) is the macroscopic reaction rate and whereas in the d casew acquires thek-independent form
6(x) denotes the Heaviside step function, so thatAlseare  w~(D/J)Y? [9,11,17. The most important feature of the
initially uniformly distributed on the left sidex<<0), and  QSA is thatw and R; depend ort only through the time
the B's on the right side X>0) of the initial boundary. dependent boundary curred(t), which can be calculated
Dimensional[9,14] and renormalization groupl1,12  apalytically without knowing the concrete form ¢, i.e., in
analyses show that dt=d.=2 one can adopt the mean-field fact, representing the reaction zone on the scajein the
approximationR(x,t) =ka(x,t)b(x,t) (k being the reaction form R(x,t)=J&(x—x;). On the basis of the QSA the gen-
rate constantwith logarithmic corrections in the @ case, eral description of spatiotemporal behavior of the sysfem
whereas in 8l systems fluctuations play the dominant role + B0 has been obtained for arbitrary nonzero diffusion
and the explicit form oR remains unknown. There are, how- coefficients and initial species concentrati¢phg]. These re-
ever, several techniques which enable one to derive a lot afuits are in full agreement with extended numerical calcula-
information from Eq.(1) even ford<d.. They are focused tions and experiments and were generalized recently to the
on the long-time limitktt—c and include, as two basic con- cases of reversible reactiént+ B« C [21—24 and to several
cepts, the scaling ansaf2] and the quasistatic approxima- more complex reaction®5—-29.
tion [8,9,11. According to the scaling ansatz, the long-time  Until now, however, the main attention has been focused
behavior of the system inside the reaction zone may be ren the systems wittA and B domains having an unlimited
resented in the form extension, i.e., with unlimited number @&’s and B’s par-
ticles. The aim of this work is to develog new linein the
3) study of theA+B—0 dynamics under the assumption that
the particle number of one of the species, sayer unit of
the initial boundary is finite. More precisely, we will con-
wherex;«t¥? denotes the position of the reaction zone cen-sider the problem on the dynamics of death offaparticle
ter, Ryt~ # is the height, andvxt® is the width of the island surrounded by the uniform sea of partidieand will
reaction zone. Ati=d, the scaling exponents take the valuesreveal the defining features of this process.
a=1/6,8=2/3[2], whereas ati=1 they appear to be equal Let particlesA with concentratiora, be uniformly distrib-
to a=1/4,8=3/4[9-14], so that at anyd the width of the uted in the islandke (—L,L) surrounded by the unlimited

X—Xs

R=R;Q
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sea of particlesB with concentrationb, on the left According to Eq.(8) atr>1 the “lifetime” of the islandt,
xe (—%,—L) and on the rightke (L,») of the island. By >1, so the majority of the particles die at times1, when
symmetry, our problem is reduced to the solution of systenthe diffusive length exceeds appreciably the initial island

(1) in the intervalx e [0,0) at the initial conditions size, Ap>1. The evolution of the island in such a large-
regime is of principal interest to us here, and its analysis is
a(x,00=apf(L—x), b(x,00=byO(x—L) the main goal of the present paper.

In the limit r,t>1 from Eq.(6) we find

(r+1)

Jt
To simplify the problem essentially we will assume, as usu- _ 5
ally, Do=Dg=D. Then by measuring the length, time, and }Nherex—_(lfx /2)12A+ - -, and, hence, the law of the
concentration in units of, L?/D, andb,, respectively, i.e., ront motion Is
assumind.=D=by=1, and defining the difference concen-

with the boundary conditions

V(a,b)|,_o=0, b(x,t)=by. s(x,t)= e M (1-x) -1, 9

tration s(x,t) =a(x,t) —b(x,t) and the ratio of initial con- xf=2\/f(l+e)ln1’2{<ﬂ (1—5)1, (10)
centrationsay=r, we come from Eq(1) to the simple dif- \/ﬁ
fusion equation
wheree=1/12+ - - -. By assuming>1>tgg, at the stage
dslat=V3s (5) of the island expansion and at a considerable time period of
its subsequent contraction, the duration of which will be es-
with the initial conditions timated below, the reaction zone widthvis<x;<Ap , there-
fore in terms of the QSA we can take'x;— 0, and, hence,
So(xe[0,1))=r, so(xe(12))=-1, R(x,t)=J8(x—X¢) so thata=s,b=0 whenx<x;, anda

=0,b=|s| whenx>x; . Thus, by neglecting the width of the

and the boundary conditions reaction zone, for the number of particles in the island we

Vsl_o=0, s(ot)=—1. have N(t)=f3fa(x,t)dx=f3fs(x,t?dx whence, with ac-
count taken of Eq(9) and neglecting the contribution gf,
The solution to Eq(5) has the form we find
A PSS f(l—x) L6 N(t) = (r +1)erf(xi/2yt) = ;.. (1D
s(x,t)=——|erfl —= | +erf —=| | -1,
2 24t 24t Let us now calculate the maximal amplitud of the

island expansion and the tinhg of its achievement. Accord-

ing to Eq.(7), for r>1 from conditionx;=0 we have ex-
actly

whence, according to conditias(x;,t)=0 [2,19], there im-
mediately follows the equation defining the law of motion of
the reaction front center;(t):

x'=2t,, arccothix}'),
2

1+Xs
i1 (") whence forr>1 it follows

( 1—Xs
erffl ——
t

2t 2%

Let us assume that=d. and the reaction rate constanis
sufficiently large[30] so that at timeg~tgrxk 1<1 the Neglecting the term©(1/r2), from Egs.(10) and (12) we
annihilation goes to the scaling Galfi-Racz regime, i.e., in thefind '

vicinity of x; there forms a narrow reaction zow&/Ap

<1.Att<1 and|1—x¢/ <1 from Eq.(7) in accordance with ty=(r+1)2/me, X}\A:(rJrl)\/%_

Ref.[2] we find

+ erf

=2ty (1+ 112y +- - -). (12

Comparingty, with the lifetime of island(8),

Xf:l+Cf\/E+ c
te=(r+1)%,

where erf€¢/2)=(r—1)/(r+1) and, hence, at<1 the is-

land contracts, whereasat-1 the island expands. By virtue we conclude that independently of the ratio t./ty=e

of the fact that the number of particles in the islgpér unit ~ =const. Going with allowance for this to the reduced coor-

of the initial boundary is finite, the stage of its expansion dinate§=x/x$" and timer=t/t. we, finally, come to scaling

always goes to the stage of its subsequent contraction to endlations for the distribution of particlex ¢, 7),

in an instant of timet,, when the reaction front center ap-

proaches the origin of coordinates(t.)=0: s(¢,7r)=e" !2/297/\/?-— 1, (13
erf( 1/2\/E): Ur+1). (8)  for the center of the reaction front,
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FIG. 1. Evolution of the distribution of particlds(¢,7)| calcu-
lated according to Eq<6) and (7) for r=10. The left part of the 0.6
distribution ((<0) is obtained through the mirror reflection of the °

right one >0). The regiors>0 (— {;<{</{;), belonging to the g
island, is colored gray. For demonstration only a part of the picture_.~ 0.4
is shown for7>0.03. >
i=Ver|In7], (14 02+
and for the number of particles in the island, Bib
0.0 0.2 0.4 0.6 0.8 1.0
N/No= (1), (15

&

FIG. 2. (a) Inset: Time dependences(t) calculated from Eg.
G(r)=erf(\| In7]/2)— 27| In 7|/ 7. (7) at r=5 (filled squares r=10 (open squargsr=20 (filled
circles, andr =40 (open circles Main panel: Collapse with the
From Egs.(13) and (15 we find that in the turning point growingr of the shown, in the inset, dependences to the scaling law

wherey,=(r+1)/r—1 asr—o and scaling function

™= 1le, (14) (solid line) in the rescaled coordinatés( 7). For completeness
is shown the motion of the both island fronts:x;(t), = (7).
a(0,my)= \/E— 1=0.64872..., (b) Collapse with the growing of the calculated, from Eq$6) and
(7), dependences of the reduced particle number in the island
yr’lNM/NO:O,198$ Cl y[lN/NO vs {; to the scaling functiong(¢;) (solid line: r=5

(filled squarey r =10 (open squaresr =20 (filled circles, andr
and, hence, independently of the initial number of particles;=40 (open circles The number of the island particle, has been
No=r, ~4/5 of the particles die at the stage of the islandcalculated by integrating E¢(6) from 0 to x; on assuming that
expansion and the remainirgl/5 at the stage of its subse- W/X;—0.
guent contraction. In Figs. 1 and 2 are shown the calculated,
according to Eqs(6) and (7), plots of the behavior of the tO calcula_te the diffusive c_urrem(t) of particles arriving at
particle distribution|s(Z,7)|, of the center of the reaction the reaction zone. According to E¢$) and(11), we have
front, {;(7), and the number of particles«r_lN(gf)/No, .
which give the full insight into the scaling regime of the J=—N=—0s/9X[y=y = Xs/2t,
death of island$13)—(15).

Let us come now to the question of the scaling behaviowhence it follows
of the reaction rat®(x,t) in the vicinity of the reaction front
centerx; . Assuming according to Ref§8,9,19 that within JIy=+]|In7|ler, (16)
the applicability of the inequalitiet /t;<1 andw<Xx; the
reaction rateR(x,t) can be described in terms of the QSA by whereJy, = 1/x}' = \Jme/2/(r + 1). Substituting Eq(16) into
Egs.(3) and(4) to calculateR; andw, it only remains for us Egs.(4) we come to the scaling of the reaction zone,
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213 F F 213
Ry~ (3%) 1= R?”<—| : Tl) (17) O OTQ A 29
er '
- er |6 According to Eq.(20), despite the much more “blurred”
W~(J|() 1/3:W (18) . . . . P
M In7|| structure of the dl island, in this case, too, in the limit of

sufficiently larger>1 the majority of the particles die in the
where RY'~(k/r9)¥® and wy~(r/k)® so that wR;  scaling regimg15).
~Rgiobai=JoRdx=J. From Eq.(18) it is seen that at the In summary, the problem of the death of Anparticle
stage of the island contraction the logarithmic term becomeisland in theB particle sea at equal diffusivities @'s and
dominant, and as—1, i.e.,67=1—7—0, the width of the  B’s particles has been first considered. It has been found that
reaction frontw diverges aswx(57) "®. Comparing the at sufficiently large initial number of particles in the island,
characteristic timest;=—(dInJdt)"*~r’sr and t;~w* =1, and sufficiently large reaction rate constdet,1, the
~(rlk)?Xs7)™"® we have ti/t;~(r’k) ¥ 67)"*°  death of the majority of the particles at adyoccurs in the
whence it follows that the characteristic time at which theypiversal scaling regime, and the most essential features of
QSA s violated is this regime have been revealed. The obtained results can
have many applications, especially in surface science, and, in
particular, they can provide fresh insight into the dynamics
Comparing thenw and x; we obtain w/x;~+ft;/t, Of the Ovchinnikov-Zeldovich hierarchia-B structureq1].
~(r2k)~3(57)~23 whence it follows that the width of the BY analogy with Ref[19] it may be expected that the analy-
reaction zone becomes comparable with the island size at tHés presented can be easily extended over the general case
times D,#Dg#0 (note that in the static cadeg=0, which be-
longs to the separate universality class, with initidlly par-
ticles A at the origin of coordinates, in R€f16] the scaling
formally coincident with Eq.(15), N= No]-'(t/NS), was
found. An investigation into the general case of nonzero
diffusivities and a most interesting generalization for the an-

practically all the partlcle_s d"? n the_ scaling regirie). isotropic diffusion of reactants are expected to be presented
The analogous estimations in the case of the

f .
k-independent fluctuationdLregime withw~ 1/y/J yield ex- In a future report

pressiong17) and (18) with RM'F~r =32 wf,~ \r, and ex- | would like to thank Alexey Nekrasov for help in com-
ponents 3/4 instead of 2/3, and 1/4 instead of 1/6, respeguter work. This research was financially supported by the

St 1irk.

St~ 87 L k. (19

From Eq.(19) it is seen that at sufficiently large values of
k>1 the characteristic timesr,,~ 67q<1/r <1 and, hence,

tively. In the end, for the d case we have

RFBR through Grant No. 02-03-33122.

[1] D. ben Avraham and S. Havliiffusion and Reactions in
Fractals and Disordered System&ambridge University
Press, Cambridge, 2000B. Chopard and M. DrozCellular
Automata Modeling of Physical Systei@ambridge Univer-
sity Press, Cambridge, 1998

[2] L. Galfi and Z. Racz, Phys. Rev. 28, 3151(1988.

[3] Z. Jiang and C. Ebner, Phys. Rev4R 7483(1990.

[4] H. Taitelbaumet al,, J. Stat. Phys65, 873(1991).

[5] S. Cornellet al, Phys. Rev. A4, 4826(1991).

[6] H. Larraldeet al, Phys. Rev. A46, 855(1992.

[7] M. Araujo et al, Phys. Rev. Lett68, 1791(1992.

[8] E. Ben-Naim and S. Redner, J. Phys28, L575 (1992.

[9] S. Cornell and M. Droz, Phys. Rev. Le®t0, 3824 (1993.

[10] M. Araujo et al,, Phys. Rev. Lett71, 3592(1993.

[11] B.P. Lee and J. Cardy, Phys. Revbg R3287(1994; J. Stat.
Phys.80, 971(1995.

[12] M. Howard and J. Cardy, J. Phys.28, 3599(1995.

[13] S. Cornell, Phys. Rev. Let?5 2250(1995; Phys. Rev. B1,
4055(1995.

[14] P.L. Krapivsky, Phys. Rev. B1, 4774(1995.

[15] M. Hoyueloset al, J. Phys. A28, L483 (1995.

[16] S. Havlinet al, Physica A221, 1 (1995.

[17] G.T. Barkemeet al, Phys. Rev. 53, R2017(1996.

[18] Z. Koza and H. Taitelbaum, Phys. Rev.58, R1040(1996.

[19] Z. Koza, J. Stat. Phy®5, 179(1996.

[20] M.A. Rodriquez and H.S. Wio, Phys. Rev.36, 1724(1997).

[21] B. Chopardet al, Phys. Rev. 47, R40(1993.

[22] M. Sinder and J. Pelleg, Phys. Rev6B, R6259(1999.

[23] M. Sinder and J. Pelleg, Phys. Rev6E, 4935(2000.

[24] M. Sinder and J. Pelleg, Phys. Rev6E, 3340(2000.

[25] H. Taitelbaumet al, Phys. Rev. Lett77, 1640(1996.

[26] B. Chopardet al., Phys. Rev. B56, 5343(1997.

[27] T. Unger and Z. Racz, Phys. Rev.6d, 3583(2000.

[28] S.M. Cox and M.D. Finn, Phys. Rev. &3, 051102(200J).

[29] M. Sinder and J. Pelleg, Phys. Rev.6b, 060101R) (2002;
M. Sinder,ibid. 65, 037104(2002.

[30] Note that at the chosen units of length, time, and concentration
the reaction rate constaktis measured in units db/L2b,,.

060101-4



